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Abstract. We consider the damped hyperbolic equation 



where £ is a positive, not necessarily small parameter. We assume that F(0) = F(l) = 
and that F is concave on the interval [0, 1]. Under these hypotheses, Eq.(l) has a family 
of monotone travelling wave solutions (or propagating fronts) connecting the equilibria 
u = and u = 1. This family is indexed by a parameter c > c* related to the speed of 
the front. In the critical case c = c*, we prove that the travelling wave is asymptotically 
stable with respect to perturbations in a weighted Sobolev space. In addition, we show 
that the perturbations decay to zero like t~ 3 ^ 2 as t — » +oo and approach a universal 
self-similar profile, which is independent of e, F and of the initial data. In particular, 
our solutions behave for large times like those of the parabolic equation obtained by 
setting e = in Eq.(l). The proof of our results relies on careful energy estimates for 
the equation (1) rewritten in self-similar variables x/y/t, logt. 
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eu tt + u t = u xx + F(u) , x G R , t>0, 
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1. Introduction 

In this paper, we study the asymptotic stability of travelling wave solutions to nonlinear 
damped hyperbolic equations on the real line. Besides describing the propagation of 
voltage along nonlinear transmission lines, these equations have been proposed as math- 
ematical models for spreading and interacting particles [DO], [Ha2], [Ha3]. In the latter 
context, they provide an alternative to the reaction-diffusion systems which are very 
common in chemistry and biology, especially in genetics and population dynamics [Mu] . 
The two classes of models differ by the choice of the stochastic process describing the 
spatial spread of the individuals: instead of Brownian motion, the damped hyperbolic 
equations are based on a more realistic velocity jump process which takes into account 
the inertia of the particles [Go], [Kac], [Za]. Since this process is asymptotically dif- 
fusive, the long-time behavior of the solutions is expected to be essentially parabolic 



We study here the simple case of a scalar equation with a nonlinearity of "monos- 
table" type. To be specific, we consider the equation 



where x e R, t > 0, and £ is a positive, not necessarily small parameter. We assume 
that the nonlinearity T E C 2 (R) satisfies 



JF(0) = JF(1) = , F'(0)>0, F'(1)<0, F"{U) < for U e [0, 1] . (1.2) 



In particular, U = 1 is a stable equilibrium of Eq.(l.l), and U = is unstable. A typical 
nonlinearity satisfying (1.2) is F(U) = U — U m , with m > 2. 

Under the assumptions (1.2), Eq.(l.l) has monotone travelling wave solutions (or 
propagating fronts) connecting the equilibrium states U = 1 and U — [Hal], [GR1]. 
Indeed, choosing c > and setting C/(x, t) = /i(Vl + £c 2 x — ct), we obtain for h the 
ordinary differential equation 



[GR2]. 



eU tt + U t = U XX + F(U) , 



(1.1) 



h"(t) + ch'(t) + r(h(t)) = o, ?gr. 



(1.3) 



Eq.(1.3) is known to have a strictly decreasing solution satisfying h(—oo) = 1 and 
h(+oo) = if and only if c > c* = 2^/J r '(0) [KPP], [AW]. This solution is unique up to 
translations in the variable £. Thus, Eq.(l.l) has a family of monotone travelling waves 
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indexed by the speed parameter c > c*. Note that the actual speed of the wave is not 
c, but c/Vl+£c 2 , a quantity which is bounded by l/y/e for all c > c*. 

In an earlier paper [GR1], we investigated the stability of the travelling waves of 
(1.1) in the case where J~{U) = U — U 2 . In particular, we showed that, for all e > and 
all c > c*, the front ft is asymptotically stable with respect to small perturbations in a 
weighted Sobolev space (with exponential weight). This local stability result holds in 
fact for all nonlinearities satisfying (1.2), see [GR3]. In addition, if e > is sufficiently 
small, we proved in [GR1] that the front h is stable with respect to large perturba- 
tions, provided some positivity conditions are fulfilled. This global stability property 
relies on the hyperbolic Maximum Principle, and can also be extended to more general 
nonlinearities [GR3]. Finally, we showed in all cases that the perturbations converge 
uniformly to zero faster than t -1 / 4 as t — > +oo. 

When e — > 0, Eq.(l.l) reduces to the semilinear parabolic equation U t = U xx + 
F(U) which has been intensively studied since the pioneering works of Fisher [Fi] and 
Kolmogorov, Petrovskii and Piskunov [KPP]. Using the parabolic Maximum Principle 
and probabilistic techniques, the convergence of a large class of solutions to travelling 
waves has been established [AW], [Br]. In the more general context of parabolic systems, 
a local stability analysis of the waves has been initiated by Sattinger [Sa] and extended 
by many authors [Ki], [EW], [Kap], [BK1], [RK], using resolvent estimates, energy 
functionals and renormalization techniques. In the critical case c = c*, it has been 
proved by one of us [Ga] that the perturbations of the front decay to zero like t~ 3 / 2 as 
t — > +oo and approach a universal self-similar profile. The aim of the present paper 
is precisely to extend this detailed convergence result to the hyperbolic case e > 0. 
Together with earlier results from [GR1], [GR3], this will provide a fairly complete 
picture of the stability properties of the travelling waves of Eq.(l.l). 

To study the stability of the critical front h with c = c*, it is convenient to go 
to a moving frame using the change of variables U(x,t) = V(y/l + ec 2 x — c*t,t). The 
equation for V is 



eV tt + V t - 2ec^ t = % + c*^ + F(V) , 



(1.4) 



where £ = a/1 + £c 2 x — c*t. By construction, h is a stationary solution of (1.4). Fol- 
lowing [Ki] , [Ga] , we consider perturbed solutions of the form 




(1.5) 
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The reason for this Ansatz is that the function W(£, r) defined by (1.5) becomes asymp- 
totically self-similar as t — > +00, while the actual perturbation w(£, t) does not, see 
Corollary 1.3 below. Remark that W is well-defined, since h'(£) < for all £ G R. For 
notational convenience, we rescale the time variable t by setting r = t/(l+ec*). The 
equation for W then reads 

r,W TT + (1 - v~?(0)W T - 1vW ir = + 7(0^ + h'(Z)W 2 tf(h(Z),h'(Z)W) , (1.6) 
where 

£ £c * (c\ j_o h "(£) fi ^ 

"=(TTi^' " = T+i3- ^ ) = c * + 2 77(i) ' (L7) 



and 



I" 1 1 
jV(o,6) = / (l-s).F"(a + s6) ds = — (F(a + b) - F(a) - bF'{a)) . (1.8) 
Jo 



7- 



^Xt(0 




\ 
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Fig. 1: The function 7^) in the case where T(U) = U - U 2 (hence c* = 2, 7_ = 



Before analyzing the solutions of (1.6), we briefly comment on the definitions (1.7). 
We first remark that there is no loss of generality in assuming e = 1 in Eq.(l.l), since 
(SjJ 7 ) can be transformed into (l,eJF) by rescaling x and t. However, we find more 
convenient to fix the nonlinearity T and to consider e as a free parameter. Then c* > 
is fixed, and rj, v are functions of e only. These expressions are not independent, since 
v 2 + rj = v/c*. Observe also that 77, v are uniformly bounded for all e > 0, and converge 
to zero as e — > 0. We now list the properties of the "drift" 7(0 which will be crucial 
for our analysis. From [Sa], [AW], we know that the front h (with c = c*) satisfies 

1 - a 3 e K£ + 0(e 2li£ ) as f -> -00 , 

(ai£+a 2 )e- c *«/ 2 + C(^ 2 e" c ^) as f -> +00 , 



MO 



(1.9) 
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where a±, 03 > 0, a 2 G R, and « = |(— c* + a/ c * — 4P(1)) > 0. Using (1.9) and similar 
asymptotic expansions for the derivatives h', h" , we obtain 

= f 7- + O(e^) as £ ^ -00 , 

™ J I 2/(e+Co) + C»(Ce- c ^/ 2 ) as £^+00, 

where 7_ = c* + 2k = 2a/^ 7/ (0) — F'il) and £0 = (02/01 — 2/c*). It also follows from 
(1.3), (1.7) that 

y(e) = -^(o 2 + 2(^(0) - r'm))) , e e r (l.n) 

Together with (1.2), this equation implies that — ^7(£) 2 < 7'(£) — f° r au £ G R. 
Indeed, the lower bound on 7'(£) is obvious, and the upper bound follows from the 
inequality 7"(£) + 7(0t'(0 — obtained by differentiating (1.11). In fact, we even 
have 7'(0 < whenever 7(£) < 7_. Replacing thus h(£) by a translate, we may (and 
will always) assume that 7(0) = c*, i.e. h"(0) = 0, see Fig. 1. This amounts to fixing 
the origin in the moving frame. 

To study the behavior of the solutions W of (1.6), we use the scaling variables or 
self-similar variables defined by 

x = -jS== , t = log(r+r ) , (1.12) 

where To > will be fixed later. These variables have been widely used to investigate the 
long time behavior of solutions to parabolic equations, in particular to prove convergence 
to self-similar solutions [Kav], [EZ], [GV], [EKM], [BK2], [Wa], [GM]. Although the 
scaling (1.12) is parabolic in essence, we have shown in [GR2] that self-similar variables 
are also a powerful tool in the realm of damped hyperbolic equations. The reason is 
that the long-time behavior of such systems is often determined by simpler parabolic 
equations, see [HL] , [Ni] , [GR2] for specific examples of this phenomenon. In our case, 
the result of [Ga] in the parabolic limit e = suggests that W(£, r) should behave like 
T~ 3 ^ 2 (p*(^/y/r) as r — > +00, where (p* is given by (1.20) below. Thus, following the 
method developped in [GR2], we define rescaled functions u and v by 

u(x,t) = e 3t/2 W(xe t/2 ,e* -r ) , v(x,t) = e 5t/2 W T (xe t/2 , e* - r ) , (1.13) 



or equivalent ly 



(1.14) 
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Then the functions u(x, t), v(x, t) satisfy the system 

X 3 

u t - -u x - -u = V , 

rie-ifa - X -v x - \v) + (1 - u^xe^v - 2v^v x = ( L15 ) 
u xx + e t/2 ~f(xe t/2 )u x + e~ t/2 ti(xe t/2 )u(x, t) 2 N(x, t) , 

where x e R, t > t = logr , and N(x,t) = N(h(xe 1 / 2 ), e- 3t ^h'(xe^ 2 )u(x, t)). 

We next introduce the function spaces in which we shall study the solutions of 
(1.15). For t > 0, k G N, we denote by L 2 , the weighted Lebesgue and Sobolev 
spaces defined by the norms 



\4h = f° ^ : 



t 



— oo 



/•oo 

u(x)\ 2 dx+ / (l+xf\u(x)\ 2 dx 
Jo 



i=0 



(1.16) 



where k appears in (1.9). Our basic space will be the product Zt = Hj x L 2 equipped 
with the standard norm \\(u, u)||z t = (IMIh 1 + IMIlO 1 ^ 2 - ^ n or der to state results which 
are uniform in s as e — > 0, it is convenient to introduce also the quadratic form 

$r,(t,u,v) = WuW^i +rje~ t \\v\\li . (1-17) 

From (1.13), (1.14), we see that (u,v) G Z t if and only if (W,W r ) G Z = Hj x L 2 . 
Moreover, since h',h" = C(e<) as £ -> -oo and = C(^ e - C *^ 2 ) as f -> +oo, 

it is easy to verify that {W, WV) G Z if and only if the actual perturbation w = h'W 
satisfies 

/0 poo 
(w 2 + w% + w 2 t ) dC + / (1 + 4 e c * ? («^ 2 + + w 2 t ) d£ < oo . (1.18) 

The comparison of (1.9), (1.18) reveals that the perturbations we consider decay to 
zero slightly faster than the front h itself as £ — > +oo. This is a necessary condition 
for stability, because the equilibrium state £7 = of (1.1) is linearly unstable [Sa]. In 
particular, small translations of the front h are not allowed as perturbations. 

Since our function space Z t depends on time, we have to specify what we mean by 
a "solution of (1.15) in Z t ". As the system (1.15) has been obtained from the simpler 
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equation (1.6) through the change of variables (1.13), the following definition is very 
natural: 

Definition 1.1. Let t 2 > t\ > to, and let Tj = e fi — to for i = 1,2. We say that 
"(it, v) G C([ti, t 2 ], Z t ) is a solution of the system (1.15)" if there exists a (mild) solution 
(W, W T ) G C([ri,r 2 ], Z ) of (1.6) such that the relations (1.13), (1.14) hold. 

In particular, if (u, v) G C([t\, t 2 ], Z t ) is a solution of (1.15), then («(£), i> (t)) G Z t for 
all t G [ti, t 2 ]. However, the continuity of (u, v) with respect to t has to be understood 
as the continuity in Zq of the functions (W, W T ) defined by (1.14). In Proposition 2.2 
below, we shall show that the Cauchy problem for (1.15) in Zt is locally well-posed. 

Before stating our main result, we explain its content in a heuristic way. Taking 
formally the limit t — > +00 in (1.15) and using (1.10), we see that u satisfies the linear 
parabolic equation 



u t = £co« = Uxx + ( 77 + - )u x + -u if x > , u x = if x < . (1.19) 



Therefore, it is reasonable to expect that the long-time behavior of the solutions of 
(1.15) is determined by the spectral properties of the operator on R + , with Neu- 
mann boundary condition at x = 0. Now, as is easily verified, this limiting operator is 
just the image under the scaling (1.14) of the radially symmetric Laplace operator in 
three dimensions. Indeed, if u and W are related through (1.14), the equation ut = CooU 
is equivalent to W T = W^ + (2/^)W^, £ > 0. This crucial observation explains the factor 
(t+to) -3 / 2 in (1.14), and allows to compute exactly the spectrum of in various func- 
tion spaces, see [GR2, Appendix A]. For instance, in the space H 1 (R + , (l+x) 6 dx), the 
spectrum of consists of a simple, isolated eigenvalue at A = 0, and of "continuous" 
spectrum filling the half-plane {A G C|ReA < —1/4}. The eigenf unction corresponding 
to A = is the Gaussian e~ x / 4 . Therefore, we expect that the solution u(x,t) of (1.15) 
converges as t — > +00 to atp*(x) for some a G R, where 



note that Eq.(1.19) is independent of e: this explains why the solutions of (1.6), hence 
of (1.1), behave for large times like those of the corresponding parabolic equations. 





(1.20) 



This function is normalized so that J °° x 2 ip*(x) dx = 1. Since v = u t — f u x — |w, we 
also expect that v(x,t) converges to aip*(x), where ip* = — f<^* — |</?*. It is crucial to 
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Our main result shows that these heuristic considerations are indeed correct: 

Theorem 1.2. Assume that the nonlinearity T satisfies (1.2), and let e > 0. There 
exist t > 0, S > and C > such that, for all initial data (u ,vo) G Z to with 
®ri(to7Uo,vo) < 8q, the system (1.15) has a unique solution (u,v) G C([t , +oo), Z t ) 
satisfying (u(to),v(to)) = (uo,vq). In addition, there exists a* G R such that, for all 
t>t , 

\\u(t) -«VIIhJ +Ve~ t \Ht)-a*il>*\\l2 + f e-^- a)/2 \\v{s) - a>*||^ ds 

* * </i (1-21) 

< C(l + t) 2 e-*/ 2 ^(to,«o,^o) • 

Remarks. 

1. In the proof of Theorem 1.2, we shall take for convenience the parameter £ = log(r ) 
large enough, but this choice is irrelevant since, as reflected in Corollary 1.3 below, the 
results for the original equation (1.1) are not affected. 

2. The estimate (1.21) shows in particular that the solution u(t) converges to like 
te - */ 4 as t — > +oo. As was already mentioned, the decay rate e - */ 4 corresponds to the 
spectral gap of the linear operator in H 1 (R + , (l+x) G dx), and is thus optimal in 
our function space. The same argument suggests that this rate could be improved up 
to e - */ 2 at the expense of assuming a faster decay of u, v as x — > +oo, as in [Ga]. 

3. Theorem 1.2 does not give a satisfactory estimate of the term \\v(t) — «*-(/>* || 2 2- If 
e is sufficiently small, using three additional pairs of functionals as in Section 3, one 
can show that J Q °° (x+x 2 )\v(x,t) — a*ip*(x) | 2 dx decays at least like (1 + t) 2 e _t / 2 and 
that J^ oo e 2Kxet/2 \v(x,t) - a*i/j*(x)\ 2 dx + j °° \v(x,t) - a*ifj*(x) | 2 dx is bounded by a 
polynomial in t. Since these estimates are probably not optimal and were obtained for 
small e only, the corresponding calculations will not be given here. 

4. Given e > and a nonlinearity T satisfying (1.2), it is straightforward to verify that 
all the statements in the sequel (and their proofs) hold uniformly in e for e G (0,£ ]- 
In particular, the constants to, So, C appearing in Theorem 1.2 are independent of e for 
e G (0, So]- As a consequence, taking the limit e — > in (1.21), we obtain a local stability 
result for the travelling waves of the parabolic equation (1.1) with e = 0. Except for the 
use of slightly different function spaces, this result coincides with Theorem 1.1 of [Ga]. 

Combining Theorem 1.2 and Lemma 2.4 below, we obtain in particular the following 
convergence result for the perturbation in the original variables: 
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Corollary 1.3. Under the assumptions of Theorem 1.2, the following estimate holds: 



sup(l + e~^)- 1 



= 0(r- 7 /"logr) , 



as r — > +oo, where r) is given by (1.14). Equivalently, 

e c*C/2 



sup 1 + 



t 3/2 VS^ y ^ 



= G(t- 7 / 4 logt) , 



as t — > +oo, wiiere a = a*(l + £c 2 ) 3 / 2 and t) is given by (1-5). 

The rest of this paper is devoted to the proof of Theorem 1.2, which is organized 
as follows. First of all, we prove that the Cauchy problem for Eq.(1.15) is locally 
well-posed in the space Z t , in the sense of Definition 1.1. Then, in Section 2.1, we 
decompose the solutions (u, v) of (1.15) using an approximate spectral projection of the 
time-dependent operator C t defined in (2.3) below. The first term in this decomposition 
is one-dimensional and converges to a*((p*,ip*) as t — > +oo. The remainder (f,g) 
satisfies an evolution system similar to (1.15), with additional terms which are estimated 
in Section 2.2. The core of the proof is Section 3, where the evolution of (f,g) in 
Z t is controlled using a hierarchy of energy functionals. As in [GR2], some of these 
quantities are constructed in terms of the primitives (F, G) rather than the functions 
(/, g) themselves. Finally, the results are summarized in the short Section 4. 

Although the proof we present here is certainly not simple, we believe that our 
approach is systematic and very well adapted to study the long-time asymptotics in 
a large class of dissipative systems. As a matter of fact, the present proof follows 
exactly the same lines as in [GR2], although the problems considered are significantly 
different. When compared with other accurate techniques, such as the Renormalization 
Group used in [BK1] and [Ga], our method shows at least two advantages. First, we 
do not need precise estimates of the resolvent of the linearized operator around the 
travelling wave (although some spectral information is used to construct our energy 
functionals). This substantial simplification is especially interesting in the perspective 
of possible applications to higher-dimensional problems, where standard tools like the 
Evans function are not available. Next, while most of our effort is devoted to controlling 
the linear terms in (1.15), the nonlinearities are naturally incorporated into the scheme 
and do not require any extra argument. In the present case, the factor e - */ 2 in front 
of the last term in (1.15) clearly shows that the nonlinearity is irrelevant for the long- 
time behavior, provided the solution u(t) stays globally bounded. On the other hand, 
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a minor drawback of our approach is the introduction of non-autonomous systems and 
time-dependent function spaces through the change of variables (1.13). We shall avoid 
this difficulty by returning to the original variables to show that the Cauchy problem for 
(1.15) is locally well-posed and to prove that our energy functionals are differentiable 
in time. 

Notation. In the sequel, we denote by C a generic positive constant which may differ 
from place to place, while numbered constants Ci,Ki, . . . keep the same value through- 
out the paper. 



2. Preliminaries 

We begin with a local existence result for the solutions W of (1.6) in the function space 
Z = Hq x Lq. We recall that Hq, Lq are defined by the norms (1.16) with t = 0. 

Lemma 2.1. Let r\ > and 5 > 0. There exists f > such that, for all initial 
data (Wo, Wo) G Z with \\(Wo, Wo)||z < Eq.(1.6) has a unique (mild) solution 
W G C([0,f],Hj) n ^([O.fl.Lg) satisfying (W(0),W T (0)) = (W ,W ). The solution 
(W,W T ) depends continuously on the initial data in Z , uniformly in t G [0, f]. In 
addition, if (W ,W ) G Hq x Hj, then W G C([0, r], H§) n ^([0, r], Hj) n C 2 ([0, f], L 2 ) is 
a classical solution of Eq.(1.6) in Lq. 

Proof. Let q G C°°(R) be a positive function satisfying q(£) = e~ K ^ for £ < and 
q(g) = f- 3 for f > 1. Setting W(£,t) = g(fMC> r ) in ( L6 )> we obtain for cj the 
equation 

T)U TT — 2VU£ T = U)££ + M.(LO, U)£,LU t ) , (2.1) 

where 

M(u, W€j Wt ) = - (l - , 7 - 2i/|) u T + (7 + ^) u,, + ( 7 | + q ~y (2 2) 
+ h'qu) 2 Af(h, h'qu) . 

Since the functions 7, q'/q, q"/q and ft/q are all bounded, and since the nonlinearity 
T in (1.1) is C 2 , it is straightforward to verify that the map M. : H 1 (R) x L 2 (R) — > 
L 2 (R) defined by (uj,uj t ) \— > (a;, co>£, u; t ) is locally Lipschitz, uniformly on bounded 
subsets. Therefore, by a classical result [CH], the Cauchy problem for (2.1) is locally 
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well-posed in H 1 x L 2 . More precisely, for any r > 0, there exists f > such that, 
for all initial data (o;o,cl>o) G H 1 x L 2 with || (uq, uq) Hh 1 xL 2 < r ? (2-1) has a unique 
(mild) solutions G C([0, r], H 1 ) fl C 1 ([0, f], L 2 ) satisfying (w(0),u; T (0)) = (w ,^o)- This 
solution depends continuously on the initial data in H 1 x L 2 , uniformly in r G [0,f]. 
Moreover, if (u; , uj ) G H 2 x H 1 , then u G C([0, f], H 2 ) n ^([0, f], H 1 ) n C 2 ([0, f], L 2 ) is 
a classical solution of Eq.(2.1). Thus, returning to the original function W = qu and 
using the fact that 

C-IKuOHhixl* < IKWiW^Uzo < C\\(uj,uj t )\\ h i xL 2 , 

for some C > 1, we obtain the desired result, if r = C<5. This concludes the proof of 
Lemma 2.1. □ 

As a consequence of Definition 1.1 and Lemma 2.1, we obtain the following existence 
result for the solution (u,v) of (1.15): 

Proposition 2.2. Let r\ > 0, Si > 0, t 2 > t . There exists T > such that, for all 
t\ G [£0^2] and all (f/i,i>i) G Z tl satisfying $> v (ti,ui,vi) < Sf, the system (1.15) has a 
unique solution (u, v) G C([t\, ti + T], Z t ) with initial data (u(ti), v(t\)) = (u\, Vi). 

Remark. In particular, Proposition 2.2 implies that, if (u,v) G C([£o, £*), Z t ) is a max- 
imal solution of (1.15) and if $ v (t,u(t),v(t)) < 5f for all t G [£o,£*), then actually 
£* = +oo, i.e. the solution (it, v) is globally defined. 

Proof. Given t\ G [to, £2] and (iti,ui) G Z tl satisfying <&,j(ti, iti, i>i) < 5 2 , we define 

= e- 3 ^/ 2 Wl (^e-^/ 2 ) , = e- 5tl /V(£e-* l/2 ) , £ e R . 

Then (Wi, M^i) G Z , and there exists a constant C > (depending on 77 and £2) such 
that ||(Wi, Wi)||z < C<5i. Since Eq.(1.6) is autonomous, it follows from Lemma 2.1 
that there exists a time f > 0, depending on 77, C8\ but not on (Wi, W^i), such that 
(1.6) hasaunique (mild) solution G CQe* 1 , e^+f], Hg) flC 1 ([e tl , e^+f], Lq) satisfying 
W^e' 1 ) = Wr^e* 1 ) = VFi(0- Now, we set T = log(l + re"* 2 ), and for all 

£ G [£i,£i +T]c [^logte* 1 +f)] we define 

u(x,t) = e 3 */ 2 W(xe*/ 2 ,e*) , v(x,t) = e 5 */ 2 W T (xe*/ 2 , e*) . 

By Definition 1.1, G C([£i, £1 + T], Zi) is a solution of (1.15) with (u(*i),u(*i)) = 

(iti, fi), and the uniqueness of this solution follows from the uniqueness of W as a mild 
solution of (1.6). This concludes the proof of Proposition 2.2. □ 
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2.1. Spectral Decomposition of the Solution 

From now on, we assume that (it, u) G C([£o 5 ti], Z t ) is a solution of (1.15) in the sense 
of Proposition 2.2. Inspired by [Ga] and [GR2], we shall decompose this solution using 
an approximate spectral projection of the (time-dependent) linear operator 

A = «+(| + e'/ 2 7 (xe'/ 2 ))^ + |, (2.3) 

which appears in (1.15). As is easily verified, the function (p* defined in (1.20) is an 
approximate eigenfunction of C t , in the sense that ||£ t <^*|| L 2 = 0(e~ t / 4 ) as t — > +oo. 
The corresponding approximate spectral projection in L 2 is given by the formula 



it 



Q e- t p(xe t/2 )u(x)dx^* (2.4) 



where p : R — > R is the (unique) solution of the differential problem 



=7(0P(0, CeR, ,hm ^ = 1. (2.5) 



It follows from (1.10), (2.5) that p(f ) > for all £ G R, and = C(e 7 "^) as f -> -oo. 

Motivated by (2.4), we introduce the functions 

(p*(x) x 3 

^ x ^) = 1 + ^ > VKM) = ¥>t(M) - 2^*( x '*) ~ 2^ x ^) > ( 2 - 6 ) 

where 

C(£) = / e- t p(xe t/2 )i P *(x)dx- 1 . (2.7) 

We shall show in the proof of Lemma 2.5 below that £(£) and C'W converge to zero as 
t — > +oo, so that <p(x, t) — > <£*(#) and ip(x,t) — > ij)*(x). By construction, we also have 

/ e"V(^e* /2 )(^(x,t)da: = 1 , / e^p^e*/ 2 )^, t) dx = 0, *>0. (2.8) 

./R JR 

Using these notations, we decompose the solution (it, u) of (1.15) as 

u(a;, £) = a(t)v?(x, £) + f(x, t) , £) = P(t)(p(x, t) + a(t)%j)(x, t) + g(x, t) , (2.9) 

where 

a(t) = / e"V(^e t/2 )w(x,t)dx , /?(£)= / e"V(^e t/2 )v(x, t) dx . (2.10) 
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In view of (2.8), (2.10), the functions /, g satisfy the "orthogonality relations" 

/ e- t p(xe t/2 )f(x,t)dx = , / e- t p(xe t/2 )g{x, t) dx = . (2.11) 
We now determine the evolution equations satisfied by a, /3, /, g. Our first result is: 
Lemma 2.3. If (u,v) G C([t ,^i], Z t ) is a solution of (1.15), then a G C 2 ([t ,ti]) and 
^a(t) = , ^ (^e-V(*) + a(f)) = m(t) , (2.12) 

where 

m(£) = / e'tpixe^ 2 ) (-v^(xe t/2 )v(x,t) +e~ t/2 ti(xe t/2 )u(x,t) 2 N(x,t)^ dx . 

Proof. Let T\ = e* 1 — r , and let W(£,t) be given by (1.14) for r G [0,ri]. By 
Definition 1.1, W G C([0,n],Hj) n (^([0, n], Lg) is a (mild) solution of (1.6). Since 
= /RP(0^Ki e< - r o) d ^ ^ follows that a G C^to^i]) and 

^a(t) = e* J P^W^e*-^)^ = J^pixe^vix^dx = (3{t) . 

To prove that a G C 2 ([t ,ti]), we first assume that (W ,W ) = (W(; 0), W T (; 0)) G 
Hg x Hj. Then, by Lemma 2.1, W G C([0, n], Hg) n ^([0, ri],Hj) n C 2 ([0, n], Lg) is a 
classical solution of (1.6), hence a G C 2 ([t ,^i]) and 

Afae-*/?(*) + a(f)) = e'j^pCO^W^ + W^^e*-^)^ = m(t) . 

Since p(7/W TT + W T ) = (pW € ) € + 2z/(pW T )? - z/p 7 W r +p/iW 2 AT(/i, by (1.6), (2.5), 
we find 

m{t) =e l f p(0 {-v 1 W T + h'W 2 M(h, h'Wj) (£,e* - r ) d£ 

= / e"V(^e t/2 ) (-v-f(xe t/2 )v(x,t) + e~ t/2 ti {xe t/2 )u{x,t) 2 N(x,tj} dx . 
For all t G [to>*i]) we thus have 

ne' 1 (3(t) + a(t) = i]e~ to (3(t ) + a(t Q ) + [ m(s)ds. (2.13) 
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By Lemma 2.1, both sides of (2.13) are continuous functions of the initial data (Wo, Wo) 
in Zo. Since (2.13) is satisfied for all (Wo, Wo) in the dense subspace Hq xHj, the equality 
must hold for all (W , W ) G Z . This shows that rje'^ + a G C l {[t , t x ]) and that (2.12) 
holds. The proof of Lemma 2.3 is complete. □ 

It follows from (1.15), (2.9) and Lemma 2.3 that (/, g) G C([£o,£i], Z t ) is a solution 
(in the sense of Definition 1.1) of the system 

X 3 

ft~-^fx~-^f = g i 



x 5 

i 9x ~~ 2 i 

fxx + e^ixe^fx + r&t) , 



Ve-^gt - \g x - \g) + (1 - ^{x^))g - 2ue-^g x = ( 2 ' 14 ) 



where 

r(x, t) = a(ip xx + e*/ 2 7 (xe t/2 )^ x - V) - r/e"* + o#t - f - §V0) 

+ z/ 7 (xe t/2 )(/3^ + «V) + 2z/e-*/ 2 (fe + o^ x ) (2.15) 
+ e- t/2 /i'(a:e t/2 )w(x, t) 2 iV(;r, t) - m(t)(p . 

Using (2.5), (2.6), (2.8) and the definition of m(t) in Lemma 2.3, it is not difficult to 
verify that 

/ e"V(^e t/2 )(r(x,t) - u^(xe t/2 )g(x,t)) dx = . (2.16) 

Finally, as in [GR2], it will be useful to consider also the primitives 

F(x,t)=[ e-V(ye*/ 2 )/( 2 /,t)d ? /, G(x,t)=[ e^piye^My, t) dy . (2.17) 

Using (2.11) and standard inequalities (see Lemma 2.7 below and the remark at the 
end of this section), it is straightforward to verify that (F, G) G C 1 ([to, ti], H 1 x L 2 ) is a 
classical solution of the system 

Ft - -F x = G , 

1 r (2.18) 
rye"* (G t - -G x - G) + G - 2ve~ t / 2 G x = F xx - e*/ 2 7 (xe t / 2 )F x + R(x, t) , 



where 



R(x, t) = [ e-tpiye^ 2 ) (r(y, t) - in(ye t/2 )g(y, t)) dy . (2.19) 

J — oo 
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2.2. Bounds on the Nonlinear Terms 

In this subsection, we assume that (it, v) G C([to, £1], Z t ) is a solution of (1.15) satisfying 
the bound 

||«(*)||hj < i , te[to,h] . (2.20) 

Then u(t) is uniformly bounded in a weighted L°° space, as a consequence of the fol- 
lowing result: 

Lemma 2.4. There exists a constant Kq > such that, for all t > and all iw G H|, 

t /2 

supe Kxe |m;(x)| + sup(l+x) 3 |«;(x)| < KoIIwIIh 1 • ( 2 -21) 

x<0 x>0 * 



Remark. Note the crucial fact that the constant K in (2.21) is independent of t. 
Proof. Let t > and w G Hj . By a classical inequality, there exists C > such that 

POO 

sup(l+xf\w(x)\ 2 < C (l+xf(w(x) 2 + w'(x) 2 )dx . (2.22) 

x>0 Jo 

In particular, w(0) 2 < C||k;||^i. On the other hand, we have for all x < 0: 



e 2Kxe t/2 



w(x) 2 = w(0) 2 - / e 2Kye (2w(y)w'(y) + 2Ke t/2 w(y) 2 ) dy 

J X 

<w(0) 2 + I e 2K y et/2 (w(y) 2 + w'(y) 2 )dy . 

J — oo 



(2.23) 



Combining (2.22), (2.23), we obtain (2.21). This concludes the proof of Lemma 2.4. □ 

In the sequel, it will be natural to control the solution (it, v) of (1.15) in terms of 
the functions a,(3,f,g defined in (2.9), (2.10). The equivalence of the corresponding 
norms is the content of our next result: 

Lemma 2.5. There exists a constant K\ > 1 such that, for all t > and all (it, v) G Z t , 

(2.24) 

K{ IuIIlj < \a\ + \f3\ + \\g\\ L 2 < ^i(||u|| H J + Iblk?) , 
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where a, (3 are defined in (2.10) and f,g in (2.9). 

Proof. From (1.10), we know that 7(£) — > 7_ as £ — > — oo and 7(£) ~ 2/(£+£ ) as 
£ — > +oo. Setting £i = — £ + 2/7-; we decompose 7(£) as 70(C) +7(£)> where 

7 ° lU \2/(«o) if € > €1 - 

By (1.10), the remainder 7(C) decays exponentially as |£| — > 00. Thus the solution of 
(2.5) can be represented as 

Ptt)=»K)«p(-f Wd.), -tt) = {^J 2 V - K " W ^<«;; (2.25) 
In particular, there exists Cq > 1 such that 

pK)£C °W if t >o, 1(140' i£€>o. (2 ' 26) 

Using (2.25) and remembering that J °° x 2 (p*(x) dx = 1, we decompose the function 
C(t) defined in (2.7) as 

e-V(^e t / 2 ) V ?*(a;)dx+ / e"' (pixe^ 2 ) - p (xe t/2 )) cp*(x) dx 
-oo Jo 

POO 

+ / (e- t po(xe t / 2 )-x 2 )i P *(x)dx = (i(t) + C2W + CsW • 

JO 

Using (1.20), we remark that 

-3t/2 /-0 /-oo 

CiW = J p(0 at , ( 2 (t) = e" 3 */ 2 jf (p(0 -p (£)K(£e- t/2 ) d£ , 

where — po(0 decays exponentially to zero as £ — > +00 due to (2.25). On the other 
hand, setting £ = max(0, £1), we have 

ri r<x> 

Ut) = e" 3 ^ 2 / (po(0-(«o) 2 )^(^/ 2 )d£+ / ^e-^ + ^e-V^d* • 
Jo Jo 

It follows immediately from these expressions that 

IC(f)l + IC'(f)l + IC"(*)l < Cie" V2 , (l + CW)- 1 < Cx , f>0, (2.27) 
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for some C\ > 0. As a consequence, the functions (p(x,t),ip(x,t) denned by (2.6) satisfy 
the bounds 

||^)|| h i + ||VWIIl ? < C 2 , t>0, (2.28) 

and 

y(t)-^\\ni + \m)-r\\Lj <c 2 e-'/ 2 , t>o, (2.29) 

for some C 2 > 0. 

Now, let t > 0, (u,v) G Z t , and let a, f3 be defined as in (2.10). In view of (2.26), 
we have 

f0 



poo l>U 

\a\ < C (l+xflu^ldx + Coe- 1 / e 7 - xe ' /2 \u(x)\ dx 
Jo J -oo 



1 /9 (2-30) 

/ /-oo \ 1/2 ^ -5t/4 / r ° ,o \ ' 

<_C (l (iWWd.) + ^(/_^ , 

hence |ct| < C3||it|| L 2 for some C3 > 0. Similarly, we have \(3\ < Cs\\v\\ h 2. Using 
these bounds together with (2.9), (2.28), we obtain (2.24). This concludes the proof of 
Lemma 2.5. □ 

We now estimate the remainder terms m(t) and r(x,t) in (2.12), (2.14). 

Lemma 2.6. There exists a constant K 2 > such that, if (u,v) G C([to, t±], Z t ) is a 
solution of (1.15) satisfying (2.20), then 

||r(f)|| L? +e^\m(t)\ < K 2 e~^ (a(tf + (3{tf + \\f{t) III* + hml^ , (2.31) 
for all t G [to, ti], where r(x, t) is defined in (2.15) and m(t) in Lemma 2.3. 

Proof. We first consider the function r\{x,t) = (p xx + e t / 2 'j(xe t / 2 )ip x — ip. It follows 
from (1.20), (2.6) that ri(x,£) = (1 + C(t)) _1 (r(x, t) + ('(t)ip(x,t)), where 

(e t / 2 7 (xe t / 2 ) - 2/x)ip* if x > , 
3<p*/2 if x < . 

By (2.27), (2.28), we have \\(' (t)ip(t)\\ h 2 < CiC^e"*/ 2 . To bound r(x,t), we observe 
that the function f i-> (2 - £7(0) belongs to L 2 (R + ) by (1.10). Since <p* x = -(x/2)<p* 
for x > 0, we thus find 

/ (l+x) 6 f(x,t) 2 dx < ^— sup(l+x)V*(^) 2 / (2-e7(e)) 2 de, 

r-0 q 



f(x,t) = 



f e W/2 f(x,t) 2 dx 
J —00 



327TK 



- 18 - 

Summarizing, we obtain ||ri(t)|| L 2 < C 4 e~ t/4 for some C4 > 0. Similarly, since 7 G 
L 2 (R+)nL°°(R_), we find ||7(xe*/ 2 )^(t)|| L 2 < C 4 e"*/ 4 and || 7 (:re*/ 2 )V>(£) || L? < Qe"'/ 4 . 

We next bound the non-linear term r^{x,t) = e~ t ' 2 h'(xe t ^ 2 )u(x 1 t) 2 N(x,t), where 
N(x,t) = Affrixe^^-^h'ixeV^ufat)). In view of (1.9), (2.20), (2.21), there 
exists C5 > such that sup,,, eR \h'(xe t ' 2 )u(x, t) | < C5 for all t G [to,t\]. In particular, 
since M : R 2 — > R is continuous, we have ||iV(-, < -^0 f° r some N$ > and all 

t G [t ,*i]- It follows that ||r 2 || L 2 < e-*/ 2 C 5 iVo|K£)|| L 2 for t G [t ,ti]. 

Finally, the function m(t) defined in Lemma 2.3 can be written as m\{t) + m,2(t), 
where 

m\{t) = —v e~ t p(xe t / 2 )-f(xe t / 2 )v (x, t) dx , rri2(t) = / e~ t p(xe t ' 2 )r2(x, t) dx . 
Jr Jr 

Proceeding as in (2.30), we find \m 2 (t)\ < C 3 \\r 2 (t)\\ L 2 < e-^ 2 C3C 5 N \\u(t)\\ L 2. More- 
over, since e~ tr y(xe t / 2 )p(xe t ' 2 ) < Ce~*/ 2 (1 + x) for x > 0, we obtain 

poo i>0 

|mi(t)| < Cue~ t/2 / (l+x)|w(x,t)|dx + Cz/e-* / e 7 - 3 ^ \v(x, t) \ dx , 

JO J-oo 

hence |mi(£)| < C^veT 1 ! 2 \v (t) || L 2 for some C 6 > 0. Therefore, there exists C7 > such 
that 

\m(t)\ < C 7 e-*/ 2 (||«(t)|| L 2 + ||u(t)|| L? ) , * G [* ,*i] • (2.32) 

Summarizing our results and observing that the functions (p, ip x , ip, ip x , ipt, xip x 
are uniformly bounded in L 2 by (2.6), (2.27), we see that the remainder r(x,t) defined 
by (2.15) satisfies 

||r(t)|| L 2 < Cse-t/ 4 (\a(t)\ + \0(t)\ + \\u(t)\\^ + IK*)IIl») , t G [t ,*i] , (2.33) 

for some C 8 > 0. Combining (2.24), (2.32), (2.33), we obtain (2.31). This concludes the 
proof of Lemma 2.6. □ 

Finally, we bound the primitives F, G, R defined in (2.17), (2.19). 

Lemma 2.7. There exists a constant if 3 > such that, for all t > and all f G L 2 
satisfying f- R p(xe t / 2 )f(x) dx = 0, the following estimate holds 

L{ 1+ ) p2 dx - K3 ( e " 2t f e2Kxet/2 f 2 dx + l°° {1+x)6f2 dx ) ' (2 - 34) 
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where F(x) = f*^ e~ t p(ye t / 2 )f(y) dy. 

Proof. Let t > and / G L 2 . We start from the identity 



e* 



/ e-^- xet/ V(a;) 2 da;+ — F(0) 2 = — / e'^^' p(xe t/2 )F(x)f(x) dx 

J — oo 1— 1— J — oo 



which is a simple integration by parts. Applying Holder's inequality to the right-hand 
side, we obtain 



e* 



f e -i- xet/2 F(x) 2 dx+—F(0) 2 < ^ [° e-"- xet/2 p (xe^ 2 ) 2 f(x) 2 dx. 

J-oo 7- ~~ 7- J-oo 

Using (2.26) and remembering that 7_ = c + 2k > 2k, we conclude that 

f° ( 1 + ) F ( x f dx + e t/2 F(0) 2 < Ce~ 2t f f{xf dx , (2.35) 

J-oo V p{x^l 2 )) 

for some C > 0. 

Since j- R p(xe t / 2 )f(x)dx = 0, we have F(x) = — e~ t p(ye t ^ 2 )f(y) dy. Using 
(2.26) and a classical inequality of Hardy [HLP, Theorem 328], we find 

POO POO POO 

/ F(x) 2 dx < 4 / e- 2t x 2 p(xe t ' 2 ) 2 f(x) 2 dx < AC 2 / (1+xf f (x) 2 dx . (2.36) 
Jo Jo Jo 

On the other hand, since F{x) = F(0) + Jq e~ t p(ye t / 2 )f(y) dy, we have for x > 

^^^r (lrf | /(# , (2 ,7) 

1 + xe 1 ' 2 1 + xe 1 ' 2 x J 
Using another form of Hardy's inequality [HLP, Theorem 327], we thus obtain 

(l+x% 2 dX ~ 2et/ V(0)| 2 + 8C 2 |°°(l+x) 4 /(xfd, . (2.38) 

Combining (2.35), (2.36), (2.38) and using (2.26), we arrive at (2.34). This concludes 
the proof of Lemma 2.7. □ 

Lemma 2.8. There exists a constant K4 > such that, if (u,v) G C([to,ti],Z t ) is a 
solution of (1.15) satisfying (2.20), then 

J R ( 1 + pj^) R2dx ^ K^ 2 [a{t) 2 +m 2 +\\fmk + \\9mu) » ( 2 - 39 ) 
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for all t G [£o)£i]j where R(x,t) is defined in (2.19). 

Proof. Following the proof of Lemma 2.7, we obtain as in (2.35) 

f° ( 1 + ^—) R ( x , t ) 2 dx + e t / 2 R(0,t) 2 <Ce- 2t [° e W 'V + u 2 7 2 _g 2 ) dx . 

Next, remarking that e~ t p(xe t / 2 )'j(xe t / 2 ) < Ce _t / 2 (l+x) for x > 0, we find instead of 
(2.36), (2.38) 

poo poo 

/ R(x,t) 2 dx < C ((l+x) 6 r(x,t) 2 + p 2 e- t {l+xfg{x,t) 2 ) dx , 
Jo Jo 

r n R(X 1/L dx < 2e*/ 2 J R(0, t) 2 + C f ((1+x) V + i/V'Cl+z) V) dx . 

Combining these estimates, we obtain 

j^l + ^j^)R(x,t) 2 dx < C(||r(t)|| 2 ? + , 2 e-|b(t)|| 2 ? ) , 

and (2.39) follows using Lemma 2.6. This concludes the proof of Lemma 2.8. □ 
Remark. For t > 0, k G N, let be the weighted Sobolev space defined by the norm 

/0 poo fc 

e~ 7 - xe * 2 |w(x)| 2 dx + / \u(x)\ 2 dx , ||i*||x*= = H^llx • 
-oo </ * • n 



If (u 7 v) G C([t , ti], Z t ) is a solution of (1.15), it follows from Lemma 2.7 and from 
the definition (2.17) of F, G that (F, G) G X 2 x Xj for all t G [* ,*i]- Moreover, 
using a density argument as in the proof of Lemma 2.3, one verifies that (F, G) G 
C 1 ([t , ^i], Xj x X°) is a classical solution of (2.18). As in Definition 1.1, this means 
that, if 

Ffat) = F(£e-*/ 2 ,t) , G(U) = G(£e~ t/2 , t) , 
then (F, G) G C 1 ^, h], Xj x Xg) nC([£ , X 2 , x x£). For later use, we also note that 

t) = (F t - (Ce-*/ 2 , f ) , G t (£, f) = (G t - \G X ) (^e"*/ 2 , f) . (2.40) 
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3. Energy Estimates 

As in the previous section, we assume that (it, v) G C([£o,£i], Z t ) is a solution of (1.15) 
satisfying the bound (2.20). To control the time behavior of the functions f,g defined 
in (2.9), we shall use five pairs of energy functionals. 

We first introduce unweighted functionals for the primitives F, G defined in (2.18): 

E ° {t) = L G F2 + ve ~ tFG ) dx ' s ° {t) = \ J R ^ + ve ~ to ^ dx • (3 - i} 



Lemma 3.1. Assume that (u,v) G C([t , Z t ) is a solution of (1.15). Then E and 
S belong to C 1 ([t , ti]) and 



• Fn 

So = 2 



^ + y (-F 2 + ^ 7 '(xe*/ 2 )F 2 + r^G 2 - 2ue~ t / 2 F x G + FRj dx , 
So = y+ / (-G 2 - e^xe^F^ + Gil) , 
for aii £ G [to, t\\, where R is defined in (2.19). 

Remark. Here and in the sequel, we use the notation E = (dE/dt), £ = (d£/dt). 

Proof. Since (F, G) G C 1 ^, £i], H 1 x L 2 ), the functions F ,£ belong to C^o^i]), 
and a direct calculation yields: 

E (t)= [ (FF t + rje~ t ((FG) t - FG)) dx , 

JR. 

£ (t) = [ {-F xx F t + ner\GG t - \G 2 )) dx . 
Jr 

Using the identities 

FF t + ve-* {{FG) t - %{FG) X - FG - G 2 ) 

= FF XX + (f - ^(xe^^FF, + 2ve~ t/2 FG x + FR , (3 ' 2) 

-F xx F t + ne-t (GG t - \GG X - G 2 ) 

(3 3) 

= -G 2 - ?-F x F xx - e^xe^GF, + 2ue~ t / 2 GG x + GR , 

which follow from (2.18), and integrating by parts, we obtain the desired expressions. 
This concludes the proof of Lemma 3.1. □ 
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We next introduce weighted functionals for the primitives F, G: 



(3.4) 



fl(i) = 5/ R M^) K + " e "' G2)d1 ' 

where the weight p is defined in (2.5). 

Lemma 3.2. Assume that (u,v) £ C([to,ti],Z t ) is a solution of (1.15). Then E\ and 
Si belong to C 1 ([to, ti]) and 

Fl= T + L rt^ 5 ) (~ F * + " e ~' G2 + 2 " e " /2FGl + FR ) Ax ■ 

for all t e [to,ti]. 
Proof. We remark that 

where F(£,t) = F^e"'/ 2 ,*), G(£,t) = G^e"*/ 2 , t). Since (F, G) e C 1 ^, h], x Xg) 
(see the remark at the end of the previous section), it follows that E\,E\ G C 1 ([t ,^i])- 
Using (2.40), we thus find 

Ei = f + / r (FF t - *FF X + ne~ t ((FG) t - f (FG) X - FG)) dx , 

St = -f + j R (F x F xt - %F X F XX - \Fl + rp-*(GG t - %GG X - G 2 )) dx . 

Applying the identities (3.2), (3.3) and the relation F t = G+^F X1 we obtain the desired 
result after some integrations by parts. This concludes the proof of Lemma 3.2. □ 

We now define positive constants Aq, B by 

A = 2^infp(0l7 / (0l) , B o = fsupp(fl 7 (0 2 ) • (3.5) 
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Due to (1.10), (1.11), (2.26), these quantities are well-defined. Moreover, the inequality 
|7'(£)I — i7(0 2 implies that Aq > ABq > 0. With these notations, we introduce the 
functional 

Sx(£) = A E (t) + B £ (t) + 2E l (t) + £ 1 (t) , t G [* ,*i] • 

Proposition 3.3. Assume that ne~ to is sufficiently small, and that (u,v) G C([to, t\], Zf) 
is a solution of (1-15) satisfying the bound (2.20). Then Si G C 1 ([to, S"i (t) > 0, and 
there exist positive constants K§, Kq such that, for all t G [to, ti], 

1 Z" 00 

S 1 (t) + -S 1 (t) < -K 5 y (x 2 +x 4 )/ 2 dx + K 6 e- t / 4 (||/|| L? + |b|| L? )M(t) , (3.6) 
where M(t) 2 = a(t) 2 + f3{t) 2 + + II^IIl- 

Proof. Assuming ne~ to < min(l/2, Bq/Aq), one verifies that A E (t) + B £o(t) > 
and 2E 1 (t) + £i(t) > for t G [to>*i]- Next, we remark that F x = e~ t p(xe t / 2 )f, hence 
II-^xIIl 2 < CII/IIl 2 by (1.16), (2.26). Thus, using Lemma 2.7 and Lemma 2.8, we deduce 
from Lemma 3.1 that 

Eo(t) + ^ < / r ("*2 + ^W 72 )**) d* + Ce-*/ 4 (||/|| L? + |M| L? )M(t) . 

Similarly, using the bound |e*/ 2 7(xe*/ 2 )F x G| < |(G 2 + e t 7(xe*/ 2 ) 2 F 2 ), we obtain 

S (t) + ^f < \ | R (-G 2 + F 2 +eS(xe*/ 2 ) 2 F 2 ) dx + Ce-^\\g\\^M{t) . 

Finally, applying Lemma 2.7 and Lemma 2.8 again, we deduce from Lemma 3.2 that 

2E 1 (t) + e 1 (t) + E 1 (t) + ±e 1 (t) < Ce-"H\\f\k> + \\g\\Lf)M(t) 

The last term in the right-hand side is bounded with the help of (2.17), (2.26) and 
Lemma 2.7: 

< Ce-" 2 (||/|| L; + || 9 || L j)|| 9 || L; . 



- 24 - 



Combining these estimates and using (2.35), (3.5) together with the inequality 7'(£) < 
for £ < 0, we obtain 

i.W + ^ < -f / R (^ + G 2 ) d, - / r ^ + G 2 ) d, 
+ Ce-'/ 4 (ll/llL; + IWlL ? )M((), 

for all t G [to>*i]) an d (3.6) follows using (2.17), (2.26). This concludes the proof of 
Proposition 3.3. □ 

In the rest of this section, we introduce three pairs of weighted functionals E^Ei 
(i = 2,3,4) to control the solutions (/, g) of (2.14) in the space Z t . To each pair will 
correspond a different weight function pi : R — > R + . To define the weight p 2 , we choose 
a smooth function \2 '■ R — ► (0,1] satisfying x 2 (0 = 2k/7_ < 1 for £ < — 1 and 
X 2 (£) = 1 for £ > 0. We set 72 = X2l- The weight p 2 : R — > R+ is then the (unique) 
solution of the differential problem 

p' 2 (£) = 72(£>2(£) , £ G R , lim ^ = 1 . (3.7) 

Clearly, p 2 (£) = p(£) for £ > 0, and there exists C > 1 such that C _1 e 2 ^ < p 2 (£) < 
Ce 2K ^ for £ < 0. In particular, we have for all «6L( 

p 2 (^e t/2 )w(a;) 2 da;+ / e~ t p 2 (xe t/2 )u(x) 2 dx < C|H| 2 2 . (3.8) 
-00 Jo * 



We now define the functionals 



(3.9) 



E 2 (t) = J^e- t p 2 (xe t / 2 ) Q/ 2 + 7/ e-V^ dx , 
= If e-'nixe*/ 2 ) (f' + ve-tg 2 ) dx , 
together with S 2 (£) = 2E 2 (t) + S 2 (t). 

Proposition 3.4. Assume that r]e~ to < 1/8, and that (u,v) G C([to, £1], Z t ) is a 
solution of (1.15) satisfying the bound (2.20). Then S 2 G C 1 ([t ,^i]) and there exist 
positive constants K7, K 8 such that, for all t G [to>*i]> 

S 2 (t) > ^e-V 2 (xe t / 2 )(/ 2 + / 2 + r ? e-V)dx , (3.10) 
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and 

S2 + -S2 < 



\S2 < -K 7 ^x 2 (f 2 + g 2 )dx + fj 2KXet ' a f 2 te) 
+ K 8 Qf° x 2 f 2 dx + e-*/ 4 (||/|| L? + \\g\\^)M(t)j 



(3-11) 



Proof. Since 2ne t \fg\ < 4?ye 1 f 2 + \ne t g 2 and rye * < 1/8, the lower bound (3.10) 
is obvious. To compute the time derivative of E 2 , we note that 



2* 



where f(£,t) = f(^~ t/2 ,t), g(£,t) = #(£e"*/ 2 ,t). If we assume that (u(t ),v(t )) e 
H 2 Q x Hj o , then (as in Lemma 2.1) (f,g) e C([£ , H 2 , x Hj) nC^to,^],^ x Lg) and 
/*(£,*) = (/t - f i*)(£e-*/ 2 ,t), = (<7t - f<7*)(£e- t/2 ,t). A direct calculation then 

yields 

^(f) = J e^^xe*'*) ^// t _£// a _|/2 + ^-*((/^) t _|(/^) jB _^/^ dx. 
Applying the identity 

//* + Tp-\tfg) t - f - *fg - g 2 ) 



(3.12) 

= ff xx + (f + e'/^xe'/ 2 ))//* + §/ 2 + z/ 7 (xe*/ 2 )/(7 + 2wT t / 2 /<fc + /r , 



which follows from (2.14), and integrating by parts, we obtain 

E 2 = ^+ [ e-V 2 (^/ 2 )(-/ 2 + ie*r 2 (xe t / 2 )/ 2 +r ? e-V 

^ J * V (3.13) 

+ z/( 7 - 2 l2 )(xe t / 2 )fg - 2vB~ t / 2 f x g + /r) dx , 

where r 2 = 7 2 — 7' — 72(7 — 72)- As is easily verified, the right-hand side of (3.13) is 
a continuous function of the initial data (u(to),v(to)) in the topology of Z to , uniformly 
in t G [£o)£i]- Therefore, using a density argument as in the proof of Lemma 2.3, 
we conclude that E 2 G C 1 ([to,^i]) and that (3.13) holds in the general case where 
(u(t ),v(t )) e Z to only. 

In a similar way, we obtain for regular data 



£2 = ^e"We t/2 ) (/x/xt " f /*/** ~ \fl + Ve-'i 



!)!h ~ ^99x ~ ^9 2 ) j (lr • 
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Using the relation f t = g + § f x + §/ as well as the identity 

-fxxft + ve-'iggt - lgg x - \ g 2 ) = -(1 - ^(xe^g 2 + 2^- t ' 2 gg x 

(3.14) 

- %fxfxx - Iff xx + e t/2 7(^/ 2 )/ x ^ + gr , 
which follows from (2.14), we obtain after integrating by parts 
5£ 2 



So = 



+ j^- t p 2 (xe t ' 2 ){-g 2 + {vg 2 + e t / 2 f x g)( 1 - l2 )(xe t / 2 )+gr}dx . (3.15) 



By the same density argument, E 2 £ C 1 ([to,^i]) and (3.15) holds for all solutions (u,v) 
of (1.15) in Z t . 

We now estimate the right-hand side of (3.13). Since ((7 — 272) < 7(£) for £ G R 
and e~ t p2(xe t / 2 )-f(xe t / 2 ) < Ce~*/ 2 (l+x) for x > 0, we obtain with the help of (3.8) 

/ e-V 2 (^/ 2 )|(7 - 2 72 )(xe*/ 2 )^|dx < Ce^' 2 ||/|| L? |b|| L? . (3.16) 

Remarking that r 2 (£) = for £ > 0, we deduce from (3.8), (3.13), (3.16) and Lemma 2.6 
that 

1 poo 1 ^0 

E 2 + ±E 2 < e- t p 2 {xe^ 2 ){f 2 -f 2 x ) ( ix+ l - P 2(xe t / 2 )T 2 (xe t / 2 )f 2 dx 

z Jo z J -00 (3.17) 

+ Ce- t /\\\f\\ L , + \\g\\ L2 )M(t) . 



Since T 2 (£) — > — 2k(7_— 2k) = —2kc* as £ — > —00, we can write T 2 (£) < — Kc*+f 2 (£) for 
all £ < 0, where the support of T 2 is contained in a compact interval [—A, 0]. Applying 
Lemma 2.4, we thus obtain 



/o /-O 
p 2 (xe t/2 )r 2 (xe t / 2 )/ 2 dx + KC* / p 2 (xe t/2 )/ 2 dx 
-00 J —00 

< e^ 2 sup |/(M)| 2 /° P 2 (£)f 2 (£)d£ < Ce-^WfWl, 



(3.18) 



Similarly, remarking that 72(C) = 7(C) for £ > 0, we deduce from (3.8), (3.15) and 
Lemma 2.6 that 

S 2 + -S 2 < J e-V 2 (^/ 2 )(§/ 2 - g 2 ) dx + Ce-*/ 4 (||/|| Lf + \\g\\ L *)M(t) . (3.19) 

Combining (3.17), (3.18), (3.19) and using (2.26), (3.7), we obtain (3.11). This concludes 
the proof of Proposition 3.4. □ 
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The construction of our next functionals E3, £3 is one of the main difficulties in 
the proof of Theorem 1.2. The aim is to control the quantity 

/0 poo 
e W/2 (f + fl + Tje-V ) dx + (f + f x + V e-*g 2 ) dx , 
-00 Jo 

which is part of the norm of (/, g) mZ t . A natural idea is to define E3, £3 by the formulas 
(3.9) with e~ t p2(xe t / 2 ) replaced by ps(xe t / 2 ), where pz{i) = 0(e 2K ^) as £ — > —00 and 
P3(0 — > 1 as £ ~ +00. However, we are not able to estimate properly the time derivative 
of these functionals without including in £3 an additional term of the form 

Psixe^Xixe^hixe^iuf 2 - ^ 2 f x g) dx , 

'R 

see (3.25) below. With this modification, the derivative of £3 contains a quadratic form 
Q(x, t) depending on the functions A and p 3 , see (3.30). As we shall show, the evolution 
of £3, £3 can then be controlled provided Q(x,t) is positive definite. 

We now construct positive functions \,P3 so that the quadratic form Q(x,t) in 
(3.30) is positive definite. First of all, since 7_ = c* + 2k > c* and z/c* < 1 by (1.7), we 
can introduce 

A_ = - z/ 7 _^) > . (3.20) 

For later use, we remark that 

A_(l-z/c*) < (c*/ 7 _) 2 < 1 , and A_ 7 _ < 1//77 . (3.21) 
Next, in view of (1.10), (1.11), we can choose £3 > sufficiently large so that 

7(6) < c,A_ , iAy(&) < I , 7 '(0 < -1 7 (0 2 for all £ > £ 3 • (3.22) 

Remark that the first condition in (3.22) is automatically satisfied if A_ > 1, since 
7(0) = c* and 7 is non-increasing. Now, let A : R — > R + be a smooth, monotone 
function satisfying A(£) = A_ if £ < 0, A(f) = 1 if f > (A 7 )'(0 < for all £ G R, 
and 

A(£) ((1 - v 7 (0) 2 + Vlitf) < 1 , £ G [0, £3] • (3-23) 

Constructing such a function A is easy. Indeed, if A_ < 1, the first condition in (3.22) 
ensures that A can be chosen so that (A 7 )'(£) < for £ G [0,^3]. On the other hand, we 
observe that the function 

0( 7 ) = (1 - z/7) 2 + ?77 2 = 1 - 2z/7 + — 
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is non-increasing for 7 < c*, with O(0) = 1 and 0(c*) = 1 — z^c* > 0. Since 7(£) < c* for 
£ > 0, the condition (3.23) is obviously satisfied if A_ < 1. If A_ > 1, we remark that 
A_O(7(0)) < (c*/7_) 2 < 1 by (3.21), hence it is sufficient to assume that A(£) decays 
rapidly enough to 1 (as £ varies from to £3) so that (3.23) is satisfied. 

We next define the weight function ps- Let \3 '■ R ~~ (0? 1] be a smooth function 
satisfying x 3 (£) = 2k/ 7 _ < 1 for £ < -1, x 3 (£) = 1 for £ G [0,£ 3 ], and xs(£) = for 
£ > £3 + 1- We also assume that £x 3 (£) < for all £ G R. We set 73 = X37, and define 
the weight function ^3 : R — > R + as the (unique) solution of the differential problem 

P 3 (£) = 73(£)Ps(£) , £ G R , lim p 3 (£) = 1 • (3.24) 

£^+00 

Clearly, there exists C > 1 such that C" 1 < p 3 (£) < C for £ > and C^e 2 ^ < p 3 (£) < 
Ce 2 ^ for £ < 0. 

With these definitions, we now introduce the functionals 



= 5 J {fi + ^~ l 9 2 + 2(A 7 )(^/ 2 )K 2 - ^e"*/ 2 /^)) dx , 

together with S 3 (t) = KE 3 (t) + £ 3 (t), where K = 3 + 4i/||A7|| L °°. 



(3.25) 



Proposition 3.5. Assume that ?ye _to is sufficiently small, and that (u,v) G C([t , ti], Z t ) 
is a solution of (1.15) satisfying the bound (2.20). Then S3 G C 1 ([to, h]), and there exist 
positive constants Kg, K w such that, for all t G [to,£i], 

Ss(t) >\f p 3 (^/ 2 )(/ 2 + / 2 + r7e-V)dx, (3.26) 



and 



5 3 (t) + ^ 3 (t) < -^^af^^ + ^+e^ 2 ) 2 /^^ 

+ Kio(f e W/2 / 2 dx + ^°°x 2 / 2 d^ (3-27) 
+ K 10 (e-*/ 4 (||/|| H i + |b|| L? )M(t) +e"*/ 2 M(t) 2 ) . 

Proof. Since \Kfg\ < \g 2 + 2K 2 f 2 and \e- t/2 \^f x g\ < \e~*g 2 + (A7) 2 / 2 , we have 
Ss > | R P 3 (^/ 2 )((|-2i, 2 ^ 
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Assuming that rje~ t() < (8-ftT) -1 and noting that v — rj A7 > v — ?7A_7_ > by (3.21), 
we obtain (3.26). 

Next, proceeding as in the proof of Proposition 3.4, we show that E 3 e C 1 ([t , *i]) 
and that 

Z J k V (3.28) 

+ z/( 7 - 2^){xe t ' 2 )fg - 2ve~ t ' 2 f x g + fr) dx , 

for t G [to>^i]- The analysis of £3 is more complicated due to the additional term 
2\^{yf 2 — rje - *' 2 f x g). First, assuming that the initial data are regular, we obtain by a 
direct calculation 

£3 = J P3(xe*/ 2 )((1 + 2v{\ 1 ){xe t ' 2 ))(f x f xt - ^f x f xx - \f 2 ) 

+ ve-*(ggt - ^gg x - \g 2 ) - ip-' /2 (A7)(a** /2 )((/*</)t - § (f x g) x - f x g)) dx . 

Using the relation f t = g+ |/ x + |/ together with the identities (3.14) and 

2uf x f xt - ve~ t/2 {(fxg)t - %{fx9)x ~ %fx9 ~ 99x) = e t/2 (l - ^(xe t/2 ))f x g 
- e f / 2 f x f xx - e* 7 (xe t / 2 )/ 2 + uxf x f xx + Avf 2 x - e 1 ' 2 f x r , 
which follow from (2.14), we obtain after integrating by parts 

4 = 7 ~y+ I P3(^/ 2 )((< 7 -e t / 2 (A 7 )(xe t / 2 )/ x )r-Q(x,t)[e*/ 2 7(xe*/ 2 )/ :i; ^])dx, 

(3.30) 

where Q(x, t) is the quadratic form defined by 

Q(x, t) [z u z 2 ] = z\ (A - § A7- 1 (73 + »)) (xe 1 ' 2 ) - z lZ2 (1 - X3 + A(l - z/ 7 )) (xe^ 2 ) 

+ 2 2 (l + z/( 73 -7) - 1^7(73 + ^))(xe t/2 ) , ( Zl ,z 2 ) e R 2 , 

and [i = (X r yy/(X r y) < 0. By density, (3.30) holds for all solutions (u,v) of (1.15) in Z t . 

Applying Lemma 2.6 and recalling that K = 3 + 4z/||A7||l°°, we deduce from (3.28), 
(3.30) that 

S 3 (t) + ±S 3 (t) < ^^^{-fl + lKf-Qix^^ixe'^f^g] 

- e t / 2 (A 7 )(xe*/ 2 )/ :c r + vK(>y - 2 l3 )(xe t / 2 )fg + Ke^^-^xe^ff^ dx 
+ Ge- t / 4 (||/|| Hi + \\g\\v t )M(t) . 

(3.31) 



- 30 - 



We shall prove below that there exists Qq > such that, for all (x,t) G R x R + , 

Q(x,t)[z 1 ,z 2 ] > Qo(zl + z 2 2 ) , (z 1 ,z 2 )eB 2 . (3.32) 

Assuming for a while that (3.32) holds, and using Lemma 2.6 together with the inequal- 
ities 

i^ 2 7 (l - X3 )ff x - e^X lfx r < %e* 7 2 f x + + i-A 2 r 2 , 



2 x Qo Qo 
i/tf 7 (l - 2 X3 )fg < 9±g> + ^7 2 / 2 , 



we deduce from (3.31) that 

+ C'^p 3 (^/ 2 )/ 2 dx + e- t / 2 M(t) 2 + e- t / 4 (||/|| Htl + |b|| L? )M(t) 



(3.33) 



The estimate (3.27) is then a straightforward consequence of (3.33) and of the Hardy- 
type inequality 

/ p 3 (xe^)fdx <c(f e 2 - t/2 fdx+ [°°x 2 f x dx) . 
Jr \J-oo Jo J 

It remains to prove the property (3.32), namely 
(1 - X3 + A(l - z/ 7 )) 2 < 4(A - iA 7 " 1 (73 + AO) i 1 + His - l) - 3^7(73 + fj)) , 

for all £ G [— oo, +oo]. Expanding the products in both sides, we rewrite this condition 
in the equivalent form 

(1 - X3 ) 2 (1 + 2z/A 7 - 77A V) - 2A + A 2 ((1 - z/ 7 ) 2 + r^ 2 ) 

(3.34) 

< ??AV - 2A V(7 - 7a) - 2A 7 - V(l - K7 - 7s)) • 

To prove (3.34), we first remark that the right-hand side is positive, since \x < 0, 
7 - 73 > and 1 - 1/(7 — 73) > 1 — vc* > 0. We also recall that 1 + 2u\^ - rjX 2 ^ 2 > 1, 
since — 77A7 > by (3.21). We now distinguish three cases according to whether £ < 0, 
£e [0,£ 3 ],or£>£ 3 . 

1. If £ < 0, then A = A_ and 1 — % 3 < c */7- 5 hence it is sufficient to verify the stronger 
condition 

^-(1 + 2z/A_ 7 - r7A 2 _7 2 ) - 2A_ + A 2 _ ((1 - z/7) 2 + r^ 2 ) < , (3.35) 
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for all 7 G [c*, 7_]. Let ^(7) denote the left-hand side of (3.35), considered as a function 
of 7. Using (3.21) and the relation v 2 + n = z//c*, it is not difficult to verify that ^ is 
convex and that 

*( 7 _) = -X 2 _(l - vc*) ( \ - l) < , #'(c*) = ^^(f - ??c*A_) > . 

Since > 0, it follows that #'(7) > *'(c*) > for all 7 > c*, hence #(7) < #(7-) < 
for all 7 G [c*, 7_], which is the desired inequality. 

2. If £ G [0, £3], then X3 = 1, hence the left-hand side of (3.34) is negative by (3.23). 

3. If £ > £3, then A = 1, 1 — X3 < 1, hence the left-hand side of (3.34) is bounded 
from above by z/ 2 7 2 . Neglecting the first two terms in the right-hand side (which are 
positive) and noting that \i = 7V7 < 0, we arrive at the stronger condition 

A(0 2 < -2^(1-^7(0) , £>£ 3 , 

which is satisfied by assumption on £3, see (3.22). This concludes the proof of Proposi- 
tion 3.5. □ 

Finally, we introduce our last functionals 

E 4 (t) = [ e- 3 V 4 (xe*/ 2 ) (If + ne-tfg) dx , 

jR V J (3.36) 

= - J e^p^a**' 2 ) (/ 2 + r7e-V) dx , 

where p 4 (£) = p(£) 3 - We set S 4 = 2E 4 + S 4 . 

Proposition 3.6. Assume that r]e~ to < 1/8 and that (it, v) G C([to, Z t ) is a solution 
of (1.15) satisfying the bound (2.20). Then S 4 G C 1 ([to,^i]) a^c? there exist positive 
constants Kn, K12 such that, for t G [to^ijj 

S 4 (t) > \J^- 3t P4 {xe t l 2 )(f 2 + f x +ne- t g 2 )dx , (3.37) 



and 



1 Z" 00 
S 4 (t) + -S 4 (t) < -Kxx J x 6 (f 2 + g 2 )dx 

+ K l2 QH* 4 / 2 + x 2 f 2 ) dx + e-^dl/H^ + ||^|| L? )M(^ . 



(3.38) 
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Proof. The lower bound (3.37) is proved as in (3.10). Arguing like in the preceding 
propositions, we show that £4, £4 G C 1 ([to,^i]) and that 

- bu^xe^fg - 2pe- t ' 2 f x g + /r) dx , 

^4 =| + | R e- 3 V 4 (^/ 2 )(V-27(^)(V +e ^ / ^)+^)dx. 
Proceeding as in (3.16) and applying Lemma 2.6, we deduce that, for t G [to>*i]) 

St(t) + ±St(t) < Ce-*/ 4 (||/|| H i + \\g\\^)M{t) 

+ f e" V(xe*/ 2 ) (-I/. 2 - / - 2e t / 2 7 (xe*/ 2 )(/^ + 2//,)) dx . ^ 

Since p 4 (f) = MO 3 < Co (1 + 6 f or f > 0, we have for x > 

e- 3t ( 7P4 )(^/ 2 )|2e t / 2 /^ + 4e*/ 2 /M 

< e- 3 *p 4 (xe*/ 2 ) + f x + 2e 2 S(xe*/ 2 ) V, 2 + 8e* 7 (^/ 2 ) 2 / 2 ) 
<e- 3 V 4 (xe*/ 2 )(^ 2 + / x 2 ) +c(e- t (lW/ 2 ) 2 / x 2 +e- 2t (l+xe*/ 2 ) 4 / 2 ) , 

for x > 0, and the estimate (3.38) follows from (3.39). This concludes the proof of 
Proposition 3.6. □ 

We now summarize the decay properties of the four auxiliary functionals Si, S2, S3 
and S4. To this end, we define 

S 5 (t) = BiSi(t) + B 2 S 2 (t) + S 3 (t) + S 4 (t) + ^e-*/3(t) 2 , 

where B 2 = 1 + K^ l (Ki + K 12 ) and B x = 1 + K^ 1 (K 8 B 2 + K x2 ). In the proof of 
Theorem 1.2, we shall use the following properties of S${t): 

Proposition 3.7. There exist constants Ai, A3, A4 > and A 2 > 1 such that, if 
rye - * < A x anc [ jf (u,v) G C([to, ti], Z t ) is a solution of (1-15) satisfying the bound 
(2.20), then, for all t G [t ,*i], 

A^S^t) < ||/(f)|||i + *r* (p(t) 2 + \\g(t)\\U) ^ A * s ^ ' ( 3 - 4 °) 
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and 



Ss(t) + ±S 5 (f) <-A 3 ((3(t) 2 + h(t)\\h + \\Ut)\\h) 

+ A 4 e-^ (II/WUhj + \\g(t)\\ L , +e-^M(t)) M(t) , 



where M(t) 2 = a(t) 2 + /3(t) 2 + \\f(t)\\^ + \\g(t)\\ 



2 

T 2 ■ 



Proof. Since Si(t) > by Proposition 3.3, the lower bound on S$ in (3.40) follows 
immediately from (3.10), (3.26), (3.37) and the properties of the weights p2,ps,P4. The 
upper bound is proved in a similar way, using in addition Lemma 2.7 applied to F and 
G. On the other hand, we have by Lemma 2.3 and Lemma 2.6 

A Qrye-VW 2 ) + ^e"^) 2 = ~P(t) 2 + ^e"W) 2 + m(t)(3(t) 

< -[5{tf + Ce~ t/2 M(t) 2 . 
Combining the estimates (3.6), (3.11), (3.27), (3.38) and (3.42), we thus obtain 

S 5 (t) + ±S 5 (t) < -K 5 (x 2 + x 4 )f 2 dx-K 7 e 2Kxet/2 fdx 

* JO J -00 

- / 00 (K 7 x 2 + Kiix 6 )(/ 2 + /)dx-K 9 / pzixe^tf + fD&x-pit) 2 
Jo Jn 

+ Ce-^ (\\f{t)\\ K + \\g(t)\\L*+e- t/4 M(t)) M(t) , 

from which (3.41) follows using the properties of the weight p 3 . This concludes the 
proof of Proposition 3.7. □ 

A useful consequence of Proposition 3.7 is: 

Corollary 3.8. There exist constants A 5 > and A 6 > 1 such that, if t > A 5 and if 
(it, v) G C([t ,ti], Z t ) is a solution of (1.15) satisfying the bound (2.20), then 

$r,(t,u(t),v(t)) = K*)||Hi+*7e"*IK*)llL» < A 6 $ v (t ,u(to),v(t )) , (3.43) 
for all t e [t ,ti\. 

Proof. We introduce our last functional 

Se(t) = ^a(t) 2 + r/e-'a (£)/?(£) + S 5 (t) , te [t , h] . 
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In view of (3.40), if r]e *° < min(Ai, A 2 1 ), there exists a constant C\ > 1 such that , 
for t G [to,ti], 

C^S 6 (t) < a(t) 2 + 11/(01111+^-* ((3(t) 2 + \\9(t)\\li) < CiS 6 (t) . (3.44) 

By Lemma 2.5, il follows that 

C^S 6 (t) < <f> v (t,u(t),v(t)) < C 2 S 6 (t) , t G Mi] , (3.45) 

for some <7 2 > 1. Now, since 5 6 (t) = a(t)m(t) + ije' 1 (3(t) 2 + S 5 (t) by (2.12), we deduce 
from (2.31) and (3.41) that 

S 6 (t) < -A 3 ((3(t) 2 + WgmhJ + Cse-^Mit) 2 , t G [t ,*i] , 

for some (7 3 > 0. Assuming that C^e - * / 4 < A 3 and using (3.44), we thus find S 6 (t) < 
C&e-V^Seit) for t G [* ,*i], hence S 6 (t) < C^e^o) for * G [* ,*i], where C 4 = 
exp(4CiCs). Combining this estimate with (3.45), we obtain (3.43). This concludes the 
proof of Corollary 3.8. □ 



4. End of the Proof of Theorem 1.2 

Let to > ^5 and 80 < (2Aq)~ 1 ^ 2 , where A5, ^6 are as in Corollary 3.8. If (tto 5 ^0) G Zf 
satisfies $,,(£07 u 0) u o) < ^o? then the system (1.15) has a unique global solution (u, v) G 
C([to, +00), Z t ) with (w(io), v (to)) = ( w 07 ^o)- Indeed, the local existence and uniqueness 
follow from Proposition 2.2, and Corollary 3.8 shows that <& v (t, u(t), v(t)) < 1/2 as long 
as the solution (u(t),v(t)) exists. Then Proposition 2.2, with 8\ = l/\/2, implies that 
the solution (u(t), v(t)) is globally defined. 

It remains to prove the decay estimate (1.21). Since 

A 4 e-^\\g\\ h2 M < + Ce'^M 2 , 

Ate-'/i/UniM < ^(/3 2 + |b||^)+A 4 e- t / 4 ||/|| Htl (|a| + ||/|| Htl ) + C'e-*/ 2 M 2 , 
it follows from (3.41) that 
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for some C 5 > 0. Setting pi = CiC2A 6 $> v (to,uo,vo), we have a(t) 2 + < p\ 

by (3.43), (3.44), (3.45), and < A 2 S 5 (t) by (3.40). Therefore, assuming that 

C b e~ ta ^ < A 3 /4, we find 

^5 + \s 5 < -^-{(3 2 + \\gWt2) + Cepoe-^S 1 ^ 2 + C^ 1 ! 2 , t>t , 

for some Cq > 0. Integrating this differential inequality and using the bound £5 (to) < 
A-2 Po, we obtain after a short computation 

S 5 (t)+ fe-^/'i^ + MsnDds < C 7P g(i + (t-t )2)e-(*-*o)/ 2 , (4.1) 

for t > t , where C7 > is independent of t and p - In view of (3.40), this implies in 
particular 

ll/(*)llHi+^"'W) 2 + lli/(*)ll^) < A 2 C 7 pl(l + (t-t ) 2 )e-^/ 2 , t>t . (4.2) 

Since a(t) = /?(£), we also deduce from (4.1), by a simple argument, that a(t) converges 
to some real number a* as t — > +00, and that 

|a(t)-a*| 2 + r e -^- s )/ 2 |a(s)-a*| 2 ds < C , 8 p 2 (l + (t-t ) 2 )e- (t - to)/2 , £ > t , (4.3) 

•/to 

for some C 8 > 0. Finally, it follows from (2.9) that 

H0-aVllHj < ll/(0ll H J + l«(0-a*lll¥'(*)llHi + |a1lb(*)-¥'1lHj , 
KO-aVlli^ < lbWllL ? + l/3(t)|||^llL ? + l«W-«1ll^llL ? + l«1ll^)-^llL ? , 

hence the estimate (1.21) is a direct consequence of (2.28), (2.29), (4.1), (4.2) and (4.3). 
This concludes the proof of Theorem 1.2. □ 
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